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Robust Momentum Management and Attitude
Control System for the Space Station

Ihnseok Rhee* and Jason L. Speyert
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A game theoretic controller is synthesized for momentum management and attitude control of the Space
Station in the presence of uncertainties in the moments of inertia. Full state information is assumed since attitude
and attitude rates are assumed to be very accurately measured. By an input-output decomposition of the
uncertainty in the system matrices, the parameter uncertainties in the dynamic system are represented as an
unknown gain associated with an internal feedback loop (IFL). The input and output matrices associated with
the IFL form directions through which the uncertain parameters affect system response. If the quadratic form
of the IFL output augments the cost criterion, then enhanced parameter robustness is anticipated. By considering
the input and the input disturbance from the IFL as two noncooperative players, a linear-quadratic differential
game is constructed. The solution in the form of a linear controller is used for synthesis. Inclusion of the external
disturbance torques results in a dynamic feedback controller that consists of conventional proportional-integral-
derivative control and cyclic disturbance rejection filters. It is shown that the game theoretic design allows large

variations in the inertias in directions of importance.

I. Introduction

GAME theoretic controller developed in Refs. 1 and 22

is applied to the attitude/momentum control for the
Space Station that uses control moment gyros (CMGs) as the
primary actuating devices and gravity gradient torque to man-
age momentum stored in CMGs. The moments of inertia of
the Space Station are assumed to be constant but uncertain. In
Refs. 2 and 3 the linear quadratic regulator (LQR) design
procedure has been used to control the attitude/momentum of
the Space Station. Full state information is assumed since the
attitude and attitude rate are assumed to be very accurately
measured. In Ref. 2 disturbance rejection filters are aug-
mented to the system to handle the external cyclic disturbance
torque, and the LQR design and pole assignment procedures
for pitch control and roll-yaw control, respectively, are ap-
plied to the augmented system. In this paper the system equa-
tion is differentiated until the external disturbance torque term
disappears in the resulting equation to apply the design proce-
dure developed in Sec. II. The resulting controller consists of
conventional proportional-integral-derivative (PID) control
and the cyclic disturbance rejection filter as in Ref. 2.

The application of the game theoretic approach combined
with the internal feedback loop decomposition for describing
parameter uncertainty allows very large variation in the inertia
of the Space Station with little deterioration in performance.
In Ref. 4, a differential game approach to developing synthesis
techniques was taken where the parameter uncertainty was not
decomposed and only the uncertainty in the system matrix is
considered. In Refs. 5-7, Lyapunov stability theory has been
used to design a control law for a system with uncertainty. This
approach is similar to that used here in that a particular alge-
braic Riccati equation (ARE) must be solved. In Ref. 8, by
adopting an input-output decomposition of the parameter un-
certainty, the uncertain system is represented as an internal
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feedback loop (IFL) in which the parameter uncertainty is
embedded in the system as a fictitious disturbance. Tahk and
Speyer® developed the parameter robust linear-quadratic
Gaussian (PRLQG) synthesis procedure that is an LQG design
based on an extension of loop transfer recovery for the IFL
description. In Refs. 7 and 8, the system is augmented to
accommodate the input matrix uncertainty. Theoretically, this
approach is limited in that input and output matrices associ-
ated with the IFL are to have the dimension of the original
input and outputs, respectively. In the game theoretic ap-
proach, this restriction is not required. By considering the
input and fictitious input in the IFL description as two nonco-
operative players, a finite-time linear differential game prob-
lem is constructed. By taking the quadratic norm of the ficti-
tious output, the cost criterion is augmented by a term that
emphasized robust performance. By taking the limit to an
infinite-time, time-invariant linear system, a time-invariant
control law is obtained. It is shown that the resulting time-in-
variant controller stabilizes the uncertain system for a pre-
scribed parameter uncertainty bound. The development of the
game theoretic controller is presented in Sec. II. The approach
taken in Ref. 1 generalizes the results here to the partial infor-
mation problem where only some noisy measurements of the
states are available.

One motivation for this paper is to demonstrate on a mean-
ingful problem the design process using the game theoretic
controller augmented with the IFL decomposition. Although
the linear quadratic regulator has guaranteed gain and phase
margin, many systems remain sensitive to parameter varia-
tions. This control problem is particularly interesting in that
the variation in the moments of inertia are bounded by physi-
cal constraint. The IFL decomposition allows selective changes
in the moments of inertia to be included in the design process.
In the pitch channel, there are two independent parameter
uncertainties, one associated with the system matrix and the
other associated with the input matrix. The quadratic norm of
the fictitious output from the IFL decomposition of the system
matrix augments the quadratic cost criterion and this aug-
mented term represents a measure of system robustness. The
effect of the fictitious inputs by the decomposition of the input
matrix is to increase the gain. However, in the roll-yaw axis
where there are three independent parameters, stability robust-
ness in directions associated with inertia variations that can be
made large before reaching physical constraint is achieved
without increased bandwidth. The essential design task is
choosing the weighting for combining the parameter uncer-
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tainty directions that improve stability robustness subject to
the physical constraints on the inertias.

This work is based upon reports in Refs. 9 and 10 where the
internal feedback loop concept?® was applied to the problem of
improving robustness of momentum management and attitude
control in the roll-yaw axes using LQR theory. The game
theoretic controller! first suggested in Ref. 11 was first applied
to this problem in Ref. 12 for the pitch axis. At that time the
authors became aware of the work in Ref. 13 for the roll-yaw
axes using similar techniques, and later for all axes in Refs. 14
and 15.

II. Game-Theoretic Controller

A controller for a linear time-invariant system with parame-
ter uncertainties in the system and input matrices is derived via
the differential game frame work. A game theoretic approach
is taken because it is shown under certain conditions that there
exists a non-negative definite solution to an ARE, then the
disturbance attenuation function is bounded.!?? This is equiv-
alent to imposing an H,, norm bound on the transfer function
between the disturbance input and the desired output.!?? In
this section the disturbance inputs associated with system pa-
rameter uncertainty are constructed by the internal feedback
loop decomposition of Refs. 7 and 8.

Consider a time-invariant linear system with uncertainties in
the system and input matrices described vy

X=(A¢+AA)x + (Bo+AB)u 1)

where x € R", u € R™, Ap € R"™", and By € R"*™ denote the
state, the input, the nominal system matrix, and the nominal
input matrix, respectively, and A4 and AB are perturbations
of the system matrix and the input matrix, respectively, due to
parameter variations. It is assumed that all states are directly
measured and (Aq,B) is a stabilizable pair.

By adopting the input-output decomposition modeling® of
the perturbations, AA and AB are represented as

AA =DL,(e)E, AB = FLy(e)G 2

where e denotes the parameter variation vector that is constant
but unknown, and D, E, F, and G are known constant ma-
trices. It is noted that the elements of ¢ need not be indepen-
dent of each other. With this modeling of AA and AB, the
uncertain dynamic system in Eq. (1) can be represented as an
internal-feedback-loop description® in which the system is as-
sumed to be forced by fictitious disturbances caused by the
parameter uncertainty:

X=Agx + Bou +Tw 3)
E 0
=161t gl# 1C))
w, L,(e) 0
= S
[WZ] [ 0 Lb(e)}y 1 ®
where w=[w] w]]T is the fictitious disturbance and

r=[D Fl.
In the previous IFL description, the fictitious disturbance w
is a feedback signal of y, amplified by the unknown gain

[La(e) o]
0 Lye)

Hence, one way to reduce the effect of parameter uncertainty

is to assume that w is an independent Gaussian white noise and

design a controller minimizing the cost

1Y
lim -j (oyTy +yly)de
ty—oo tf 0

subject to the system in Eq. (3) where y is a performance
measure defined as

=[S+l :
Y=1ol¥ Clu ()]

and p is a positive constant that represents the tradeoff be-
tween the performance described by ¥7y and the robustness
with respect to parameter uncertainty described by yIy;. Let

Q=pCTC +ETE
R=pCIC, +GTG

By assuming (Q,A,) is detectable, R is positive definite, and
G =0, this cost criterion leads to the PRLQG design proce-
dure? as p—0.

An alternate approach to robust synthesis is to design a
controller to make the disturbance attenuation function due to
the fictitious disturbance bounded, i.e.,

YTy +yly)dt
- <
SofwTw dr

where v is a positive constant, and ¢ is a fixed final time. This
problem can be solved by solving a differential game!6?? to
find u that minimizes and w that maximizes the cost criterion

sup
w e L,[0,17)

i
J(u,w,tf)=j OTy +y{yi—y twTw)dt )
0

subject to Eq. (3). It is well known*!” that if there exists a real
symmetric solution II(¢) over the interval ¢ € [0,¢,] to the Ric-
cati differential equation (RDE)

—I=AJTl+ A, - II(BeR B —*TTHIL + Q

with the final condition I1(#,) =0, then the strategies for «# and
w described as

u*= ~R™'BTII(¢)x
w* = vy 2TTII(¢)x
yield the saddle point, i.e.,
J(u*w,tp) < J(u*w*tp) < J(u,w* i) (8)

Yu,w ELz[O,tf].

For the case where ¢,— o0, II(#) converges to a constant
matrix if there exists a non-negative definite solution to the
algebraic Riccati equation

0=AT +TMA, — [I(ByR B —y*ITNHI + Q o)

Note that in general there may be many non-negative definite
solutions to the ARE, Eq. (9). The minimal non-negative def-
inite solution!% to the ARE, Eq. (9), denoted as I1, is defined
as a non-negative definite solution to the ARE, Eq. (9), such
that I1 < IT where II is any non-negative definite solution to the
ARE, Eq. (9). Then I(¢)—11 as #,—."!” Hence, u* and w*
become time-invariant strategies described by

1= —-R-'BTilx (10a)
W=y 2I'ix (10b)

The resulting time-invariant strategies in Eq. (10), however,
may not satisfy the right-hand inequalities in Eq. (8) as
t;— )7 However, only the left-hand inequality is of concern
in the development of this class of robust controllers.

In the worst case design, since the fictitious disturbance w is
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not an intelligent player, only the control strategy for the
control u given by Eq. (10a) can be implemented. The follow-
ing proposition provides a robustness property for the control
law in Eq. (10a). ’
A. Proposition 1
Assume that R is a positive definite matrix and (Q,A) is a
detectable pair. Suppose that there exists a non-negative defi-
nite solution I to the ARE, Eq. (9). Then, the control law
given as
u=—R'BTMlx 1)

stabilizes the uncertain dynamic system in Eq. (1) for all e such
that || L,(e)]| <7, and |L,(e)|| <7.

B. Claim 1

Suppose that DI D, + GTG >0. Then,
DIU\D;+ GTU,G>0  vU,U;>0

Proof: 1t is sufficient to prove D] U; D, + GTU,G is nonsin-
gular. Suppose that there exists a nonzero vector z such that

ZT(DITUIDl + GTUZG)Z =0
Then, D,z =0 and Gz =0 since U, and U, are positive defi-
nite, hence (DD, + GTG)z = 0 that contradicts the assump-
tion. O

Proof of Proposition 1: By using the control law in Eq. (11),
the closed-loop system is described as

X=Ax 12)
where

Ac=Ag+ DL,()E — [Bo+FLy(e)G|R~'BJTI

The ARE, Eq. (9), can be rewritten as the following Lyapunov
equation:

A+ N4, = - Q, 13
where
Q,=TBR"1A,R-'BITl + ETA,E + pCTC
+ V(1D —y2ETL])A1D —y2ETL)T
+ ¥y 2I(Y*F +BoR 'GTL)(*F +B,R 'GTL])TTI
Ay=T —y72L,(e)TL,(¢)
Ay =pCIC, + GTII —y 2L, (e)"L,(6)]G
and where |L,(e)|| <7 implies that A,>0, and |L,(e)|| <7y
and claim 1 yield A, >0. Hence, Q, is non-negative definite.
Now it will be shown that (Q,,A.) is a detectable pair by
contradiction. Suppose (Q;,A.) is not detectable. Then there
exists a nonzero vector z for some s in the closed right half
plane such that (s/ — A.)z =0 and Q,z = 0. Since each term in
Q, is non-negative definite, z7Q;z =0 leads to
ZTMBoR " AR ~'BfTI+ ETA,E +pCTC)z =0
which implies that B/ 11z =0, Ez =0, and Cz =0, hence
(SI—A)z =(sI-Ayz

Therefore,

[ sT—A, o
pCTC +ETE|* ™

which contradicts the assumption (Q, A4) is detectable. Apply-
ing the lemma 4.2'8 to the Lyapunov equation, Eq. (13), com-
pletes the proof.

Note that proposition 1 holds for any non-negative solution
to the ARE, Eq. (9). However, the minimal non-negative solu-
tion IT produces the smaller gain for the control law. To design
the controller, Eq. (11), the design parameters p and v should
be chosen for the ARE, Eq. (9), to have a non-negative definite
solution. In particular, as the value of p increases, system
performance improves but the stability robustness with respect
to the parameter variation becomes poor. As the value of vy
increases, stability robustness with respect to parameter varia-
tion improves.

ITI. Space Station Control

The game theoretic controller developed in Sec. 11 is applied
to the attitude/momentum control for the Space Station.

A. Space Station Dynamics

The Space Station is expected to maintain a local vertical/lo-
cal horizontal (LVLH) orientation during normal operation.
Suppose that the Space Station control (body) axes are aligned
with the principal axes. (For the phase I configuration of the
Space Station, this is a good assumption.?) For the small devi-
ation from the LVLH frame, the linearized Space Station dy-
namics are described as3

b+ dadhed — ool ~kDb =~ (T—w)  (142)
. 1

b 303k, 0= —— (T, —w,) (14b)
I)'

P wtk ool kb=~ (Tmw) (149

where the body fixed axes (x,y,z) denote the roll, pitch, and
yaw control axes with the roll axis in flight direction, the pitch
axis normal to the orbit plane, and the yaw axis toward the
Earth; ¢, 0, and ¥ denote the roll, pitch, and yaw Euler angles
with respect to the LVLH frame; (7,,T,,T;) is the control
torque vector produced by the CMG with respect to the control
axes; (wy,w,,w,) is an external disturbance torque vector with
respect to the control axes; wq is the orbital rate of 0.0011
rad/s; and k,,k,, and k, are the parameters defined from the
moments of inertia /., Iy, and 7, as

15)

Terms involving «7 in Eq. (14) represent the combined gravity
gradient and gyroscopic torque in each axis. The CMG mo-
mentum dynamics are2?

hy —wohy = Ty (16a)
h,y=T, (16b)
h, + wohy =T, (16c)

where (h,,h,,h;) is the CMG momentum vector with respect
to the control axes. It is assumed that the Euler angle, the Euler
angle rate, and the CMG momentum are perfectly measured.
The roll and yaw dynamics are coupled while the pitch axis is
uncoupled.

The physical constraints for the parameters ky, k,, and k,
due to the triangular inequality of moment of inertia!® are

|ki] <1, I=xy2 an
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Table 1 Variation type and physical limit
of variation due to the triangular inequality

Variation type

Ai=[ALxn AI, AL} Physical bound of §, %

Ay =68[Ixn Iyn Izn) -100.0<é<

Az =8[—Ixn Iyn 1] —15.9<6=<2.6
A3 =0[Ixn —Iyn Izn] —-81.9=<6=x<13.1
As =8[Ixm Iyn —1z4) -2.1=6=<19.5
As =8[0 Iy Ipn) —-27.5=<6<5.3
Ag =8{Ixn 0 Izn] —-90.0=<6=<30.3
A7 =8[Ixn Iyn 0] ~4.1=6=<48.4
Ag =0[0 —1yy Izx] —40.0<6<3.6
Ag =8[~Lxn 0 Iz] -17.5=6=23
A10=08[—TIxn Iyn 0] -31.3<6<6.4

The moments of inertia I, I,, and I, are assumed to be con-
stant but uncertain and described by

I,'=I,',,+AI,', i=x’y5z (18)
where the subscript 7 and Al; denote the nominal value and the
variation of each moment of inertia, respectively. Then the
parameters k,, k,, and k, can be represented as

ki=kin +Aki’ izxyyvz (19)
where k;, denotes the value of k; with nominal values of the
moments of inertia and Ak; denotes the variation due to the
variation of the moments of inertia. The nominal values of the
moments of inertia for the phase I configuration are

I,, = 50.28E6, I,, = 10.80ES6, I, = 58.57TE6
in unit of slug-ft2. In order to check the stability margin for
inertia variation, 10 types of variations of the moments of
inertia listed in Table 1 are considered. Each variation is lim-
ited by the physical constraint in Eq. (17). Table 1 also shows
the physical limit of each type of variation.
The external disturbances (w,,w,,w,) are modeled as??

w; = AL sin(wet + ¢y;) + A sinQuot + ) + Bf  (20)

where i =x,y,z when A¢, Af, and BY are assumed to be
constant but unknown. The cyclic aerodynamic disturbance at
orbital rate and twice the orbital rate are due to the diurnal
bulge and the rotating solar panel, respectively.

B. Pitch Control

Before developing the controller for the pitch axis, the open-
loop characteristics of the pitch channel are investigated. For
the external disturbance free case, suppose the constant feed-
back control described as

7]
T,=[K: K, K;l|l 0
hy

stabilizes the nominal system of Eqgs. (14b) and (16b). By using
this control, the closed-loop characteristic equation A(s) be-
comes

K. K
A(S) =53 — (KS_ —2>Sz + <—1 —3w%ky>s + 30)(2)K3ky

By the Routh-Hurwitz criterion,?! the zeroth-order term on the
right side should be positive for k, =k,,. Hence, the given
feedback control law cannot stabilize the system when the sign
of k, is different from that of k,,. In other words, any con-
stant feedback control law designed for the nominal system
cannot stabilize the system with a k, whose nominal value has
a different sign.

The appearance of a cyclic disturbance, described in Ref. 20,
prevents the direct application of the game theoretic controller
to the pitch channel. However, this can be avoided by differen-
tiating Eqgs. (14b) and (16b) until the cyclic disturbance term
disappears in the resulting equation. Differentiating Eqs. (14b)
and (16b) five times yields

o = 3k, — 5)wd6M + 15k, — 4)wieD
+ 12k, w80 — fyu, 2D

YD = — 5B — 4k, + I, @2)

where the parenthetical superscripts represent the order of the
time derivative, f, =(/,,/1,), and u, is a new control variable
defined as

1 .
u, = I (Ty(v) + 53 Ty("l) +4w¢T,) (23)
n
Note that the parameter f, has uncertainty due to the uncer-
- - . y
tainty in I, and is represented as

fy=1+4f, @4)

Equations (21) and (22), however, are not yet an adequate
representation of the system equation for the design procedure
developed in Sec. II since they contain uncontrollable modes
on the imaginary axis when u, is used as a control. It can be
verified that the uncontrollable modes are at s =0, s = +jwy,
and s = +2j g, which arise from differentiation of the cyclic
disturbance. The uncontrollability problem can be avoided by
changing the regulated variables. The uncontrollable mode at
5 =0 can be removed by regulating 0 instead of 6. If #, is
regulated instead of k,, h, becomes unbounded as time in-
creases. It is clear from original pitch dynamics and CMG
momentum equations that the pitch attitude 6 cannot be regu-
lated since T, in Eq. (14b) requires a biased control to regulate
6 in steady state under the disturbance w,. Hence, A, becomes
unbounded. Note that regulating 4, instead of A, still produces
the uncontrollable mode at s = 0. Since the uncontrollable os-
cillating modes at s = £jwo and s = £2jw, arise in Egs. (21)
and (22), all the modes of the 8 aud h, channels cannot be
regulated. However, as will be shown, the oscillating modes in
either the § or 4, channel can be regulated. To regulate ¢
instead of 4,, a new state £,, defined as

£, =h + 5wih, + duwih, (25)

is regulated. Thereby, the uncontrollable mode at s = +jwg
and s = +2jw, are embedded in £,. In a similar way, for
regulating #,, a new state £4, defined as

£p = 0V + 530D + 4wid (26)

is regulated. The result is that /4, or § becomes a harmonic

function with angular rates wq and 2w in steady state. In this

paper, only the design for regulating 8 is considered, since the

development of the control law for regulating 4, is similar.
From Eq. (22) &, satisfies

£, =ILu, 27
By defining a state vector x, as
x, A [9 § U gIvy gvV) VD) £, £y] T
Eqgs. (21) and (27) can be represented as

X, = (Agy +AA¥)xy + (Bgy +AB))u, (28)
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K¥s + K¥s? + K¥s3+
Kis*+ Kis® + K¥s®
f
0 In T,

——

s(s% + w?)(s® + 42)

[ KY + Kls

f
& =AY + 5L2h, + 4uih,

Fig. 1 Block diagram of control law for the pitch axis.

where
[ 0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0 0
6x2
Agy = 0 0 0 0 1 0
0 0 0 0 0 1
12k,,68 0 kyoh 0 kyod 0
02)(6
0
05x8

AA, = | 128k,0f 0 15Ak,wy O 3Ak,wi O 0 O

02X8

Boy=[0 0 0 0 0 -1 0 1,]"
AB,=[0 0 0 0 0 -Af, 0 0]

kyy = 15k,, — 4, kyp =3k, — 5

Note that the pitch angle § is not included in the state vector x,,.
The variations A4, and AB, can be decomposed as

AA, =D,L,(nAk))E,
AB, = F,L,,(Af,)G,
where

D,=[0 0 0001 0 0]
6 4 2
Ey=[12@ 0 1522 ¢ 320 ¢ ¢ o}
n n n

F,=-D,, G,=1]

Luy=[nAky]’ Lby=[Afy]
The parameter » in the previous equation denotes the weight-
ing between Ak, and Af,.

The control law can be obtained by identifying
[nAk,,Af,]T as € in Eq. (2), dropping the subscript y, and
using Egs. (9) and (11) with appropriate choices of p, v, n, C,
and C,. Then the control law u, is represented in the form of

u,=K,x, 29

where K, is control gain matrix. From the definitions of u,
and ¢,, Eq. (29) becomes

1 . o
7 (I3 + ST + 40§ T) = K20 + K36

yn

+ Kg"()“") + K760V 4 KSyG‘V) + K260

+ K3 (B + 503 R, + 4wihy)

+ KJ(AY + 503 + 4uh,) (30)
where K7 denotes the ith element of the gain matrix X,. The

previous form is not realizable since it needs derivatives of 6
and A, . Figure 1 describes Eq. (30). Define a new variable x as

1 ,
vw=1T —K;G—K{O—K;"Shy dt —KZh, (1)

yn
Then Eq. (30) becomes
X7 + Saix'™ + dwgxy

= (K} — 503K + (K3 — SwiK2)euD

+ (K3 — 40¢KD)8 + (K — 403K D)0 32)
The previous equation can be implemented by using the canon-
ical realizations such as the controller canonical realization,
the observer canonical realization, and the parallel canonical

realization.?’ In this paper, the parallel canonical realization is
adopted. Introduce variables {, and 7, such that

& +Hwie, =16 (33a)
iy + 4win, =8 (33b)

Then x, can be represented in terms of { and % as
Xy =@ + &, & +Cuny + D, Ny (34)

where

I

, = V(B KY— KJ + wy 2K3)

a
®, = Va(w2K? - K? + w5 2K)

Il

Il

C, = — Vi(16wiK? — 4KJ + wi °K7)

D,

i

— V3(1663KE — 4K} + wi 2K3)

Combining Eqs. (31) and (34) yields an implementable form
for the control torque 7, as

T,=K0+ K0+ K, ﬁhy dr + Ky,

+ 1_{??} + I_{'gfy + Ko, + kﬁ'fly (35)
where
K =1,K!, K=1,K!, Kj=1,K), K,=1,K
Ki=1,@,, Ki=1,8,, K;=1I1,€, Kj=1I,9,

The control torque described by Eq. (35) forms a dynamical
feedback control law that has the same form as in Ref. 2.
Figure 2 describes the control law in Eq. (35). The integral
feedback in Eq. (35) is expected to reject the constant input
disturbance as in classical control theory.?! Equation (33) rep-
resents the cyclic disturbance rejection filter for attitude hold
in the pitch axis. The initial states of the integrator in Eq. (35)
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—1d kY +KYs H—-
hU v £

KY/s + K}

Fig.2 Realizable form of control law for the pitch axis.

Hl Game theoretic design

I
fiky, 1% )=0 _
yn LQR design

1.
£
& 3
- =
S
ES
0. £

0.2 0.4 0.6 0.8 1
ky
Ly _(E\? (L)
f(ky, I,,,.)" ( I,,,.) ~\z. (0.6722 k, + 0.8039)
I,

+ (I,,_:) (0.1400 &2 + 0.3980 k, + 0.1800)

~0.0085 k2 — 0.0476 k2 — 0.0482 k, — 0.0105

Fig. 3 Comparison of stable region for the pitch control.

and the cyclic disturbance rejection filter are the designer’s

choice.
For the controller design, p, v, C;, and C are chosen as

0=0.81, =02 n=5 C=0

. w(z) wo

C = diag(3.90§ 3.90 3.9w! 3.903 3.9w3 3.9, —2> —2
I}’" I}’"

and the minimal non-negative definite solution to the corre-
sponding ARE is taken. Table 2 shows the controller gain
matrix X” and the closed-loop eigenvalues. A stable region for
the system parameters of the game theoretic design shown in
Fig. 3 is obtained by applying the Routh-Hurwitz criterion to
the closed-loop system for the given control law. MATHE-
MATICA™ software is used to check the Routh-Hurwitz cri-
terion. Stability margins in some specific direction are listed in
Table 3. The stable region of the game theoretic design and the
LQR design in Ref. 2 are compared in Fig. 3. The bound £, =0
comes from the open-loop characteristic. Figure 3 shows that
the game theoretic design improves the stability robustness
with respect to the parameter variations. A simulation is per-
formed with parameter set considered in Ref. 2

B;’ =4 ft-lb

Af, =2 ft-Ib, Af, =0.5 ft-lb,

@1, =0 deg, ¢(0) = 1 deg, &(0) = 0.001 deg/s
and other initial conditions =0. Figure 4 shows the time re-

sponses for the nominal system and a perturbed system with
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5 10000
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F;g 4 Time response for the pitch axis.

Table2 Controller gains
and closed-loop eigenvalues
for the pitch channel

i X7 Unit

1 3.9142E+2 ft-tb/rad

2 1.7736E+5 ft-lb-s/rad

3 1.9885E—-6 ft-1b/ft-1b-s2

4 6.6961E —3 ft-lb/ft-lb-s

5 2.7357TE-6 ft-lb-rad/s2

6 4.9017E-2 ft-lb-rad/s

7 —2.2665E—4 ft-lb-rad/s?

8 2.0948E -1 ft-lb-rad/s

Closed-loop eigenvalues

-4.77, —1.52, —0.55+0.42j
-0.13£1.00/ -0.59+1.99/

6=60% in A, variation denoted by solid line and dotted line,
respectively. As expected, the attitude approaches torque equi-
librium attitude (TEA), — 7.6 deg for nominal system, while
the CMG momentum oscillates with zero mean value in steady
state.

C. Roll-Yaw Control

The controller for the roll-yaw axes is developed in a way
similar to that for the pitch axis.

Define

ex=¢—¢c, ez=¢—¢c

where ¢, and y. are the command roll and yaw attitude, respec-
tively, and are assumed to be constant. Representing Egs.
(14a) and (14c) in terms of e, and e, and differentiating the
resulting equations along with Egs. (16a) and (16¢) yield

eV = — (5 +4kwiel”) — 4(1 + Sk )wiel™ — 16k, whe,
+ (- kwo(el” +5wiel™ +4wié,) — fiux (36a)

e = (k, - 5S5)wielM + Sk, - Hwie!™ + dk,wle,

— (W +k)woe™? +5utelV +4uwié,) — fLu, (36b)
RYD = — SRR — 4wih,

+ wolhlY + 5wth M +4wdh,) + Lou, (36¢)
YD = — 53RV — 40k,

— wo(AY + 53U + 4wdh) + I,u, (36d)
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Table 3 Stability margin of variation

Lower and upper margin of §

Variation
type Pitch, % Roll-yaw, %
A —99=<6<82 -90=<6<75
Ay -73<6<19 —90<8=<99
Az -99=<8=<99 —-62<46<56
Ay -22=<8=78 —-73<6=<63
As —-14=<6=<33 —99<46<99
Ag -99=<6=<99 -73=<6=<66
Ar ~51l=é=162 —-99<4§=<99
Ag —143<6=<43 —62=<6<66
Ag —72=6<20 -74<6<89
Ao —-162=<6=<37 ~-99<6=<99

2This bound comes from the open-loop characteristic in
pitch axis.

Table 4 Rejection of the constant
disturbance torque for the
roll-yaw axes

Uncontrollable mode

Case States in resulting system

1 ex,ez none
2 hy,hz none
3 ex, hx none
4 ez, h; none
5 ex,hz s=0
6 hy,e;z s=0

Table 5 Rejection of the cyclic
disturbance torque for the
roll-yaw axes

Uncontrollable mode

Case States in resulting system

1 ex,ez s=xjwo
2 hyx,hy none
3 ex, hx s==xjwo
4 ez, hy s=x2jwo
5 ex,hz §=xjwo
6 hx,e; none

where fy =y, /1), f; =, /1;), and u, and u, are new con-
trol variables defined as
1 .
U= [TV +53 T +403Ti],  i=x,2

mn

The system in Eq. (36) contains uncontrollable modes at
s =0 (double pole), s = +jw, (double pole), and s= £2jw,
(double pole) that arise from the external disturbance torque.
This means that the external constant disturbance torque and
cyclic disturbance torque can be rejected in only two of the
four states e, e;, hy, and k. In a way similar to that for the
pitch control, these uncontrollable modes can be removed by
changing the regulated variables. Tables 4 and 5 show the
combination of two states in which the constant disturbance
and the cyclic disturbance are rejected, respectively. As shown
in Tables 4 and 5, an uncontrollable mode still exists in some
of the outputs e,, e, h,, and /.. Note that it is always e, that
does not reject the cyclic disturbance. However, contrary to
the pitch channel where bias in pitch angle cannot be regu-
lated, the bias in both yaw and roll angle can be rejected,
leaving only an oscillation in the roll angle. In this paper, only
case 1 for constant disturbance rejection and case 6 for cyclic
disturbance rejection are considered.

To reject the constant disturbance torque in the attitude
channels, the uncontrollable double poles at s =0 are embed-
ded in the CMG-momentum channels by regulating 4, and 4,
instead of A, and A.. Similarly, the uncontrollable double
poles at s = +jwy and s = +2jw, are embedded in the roll-

attitude and yaw CMG-momentum channels to reject the
cyclic disturbance torque in yaw-attitude and roll CMG-mo-
mentum channels. By defining £, and £, as

£, =) + 5038, + duwie,

v .
£, =hY +53hM + duih,

Eq. (36) becomes
£ = — 4k, w3, + (1— k) )wo
X (V0 + Sufel™ +4uie) — St 7

e = (k, — S)udelV) + (5k, — Duiel

+ 4k wie;, — (1+k)woky — fe, (37b)
A0 = — 53RV — 4wl + wob, + Iy (37¢)
£, = —wo(AY +SBhMY + 403k, ) + Lau, (37d)

By defining a state vector x as

A ¢ ¢ ' 5 111 v
x=[§¢ £ Ecﬁezezezeg )eg )

vV VvI) A 111 1 T
el e by hiy B R0 A £, ]

Eq. (37) can be rewritten as a state-space representation of the
form

X=Ax + B[“"] 38)
where )
p =[ A, omxﬁJ
Osx10 Am
0 1 0 0 o 0 o 0]
0 0 1 0 0 0 0 0 O
0 kyy 0 0 O ky 0 kg 0 ke
00 0 0 1 0 0 0 0 O
- 00 0 0 0 I 0 O 0 O
““1lo o o0 0 0 0 1 0 0 O
6 6 0 0 0 0 0 1 0 O
00 0 0 0 0 0 0 1 0
0 0 00 0 0 O 0 0 1
0 0 ku 0 kn 0 ki 0 ku O
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
Ay =
0 0 0 0 1 0
0 —4d0f 0 =503 0 w
~4ap 0 =503 0 —wg O
T
B = [02x2 —Ofx 02x6 _(}z 034 I(:n Ign]
k= —dkf,  ko=40-kod, ka=51-kJo}

kya=(1-kwe, kz=-—( +Kk)we, k= 4kzwg

ky=0Gk,—Dwf, k= (k;—5)03
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In the previous system, four system parameters, k,, k., fx,
and f,, are included. However, one of them is represented in
terms of others; f, is represented in terms of k,, k,, and f, as

I, 1+k,

fz:';x:l_kx

Sx

For small variations of k,, k,, and f,, the variation of f,
Af, is approximated as

Afz g K]Akx + KzAkz + K3Afx
where

Ly (1+k2n) I, 1 T 1+ ke

= — , Ky = — . Ky = —
Ixn (l_kxn)2 2 Ixn 1“kxn ?

Ky

Then, the variation of the system and input matrices, AA
and AB, can be decomposed as

AA = DL (nAky,nAk,)E
AB = FLy(n Ak, ,mAk, ,Af)G
where
L, =diag(nAk,,mAk;)

L, = diag(n Ak, mAk,,Afy)

1 0 T
D = |05y, 0246 02xs

0 1
1
E=(2Z
)

2 5 3
0422 o 0 0 42 ¢ 52 o X
n ny ny ny
X 02)(6
6 4 2
0 0 -4 g 5% o X
n, ny ny ny
T
1 0
0 ]
F=|04x2 0 Osxe ) 04x6
0 1
10 0 ol”
C=lo n K
n n;

The parameters n, and n, represent the weightings among the
three system parameters. By the choice of n; and n, with the
ratio of reciprocal of directional derivatives of k., k., and f,,
with respect to a particular inertia variation direction, the
inertia variations listed in Table 1 can be assumed in the design
process. The directions that are preferable for design are the
inertia variations that can be made large before reaching a
physical constraint.

The control law can be obtained by using Eqgs. (9) and (11)
with appropriate choices of p, v, n, n;, C, and C,;. Then, the
control law u, is represented in the form of

[“*] = Kx (39)

Uz

where K is a control gain matrix. From the definitions of u,,
u,, £, and £, Eq. (39) becomes

7 (TV + 53T + 4u¢ T;) = Kits + Kif, + K,

n
+ Kle, + Kie, + Kié, + Kiel'"W 1 KieM™ + Kje!¥
+ KielD + Ki by, + KA, + KB
+ KA + K{shY) + Kigk, (40)
where [ =x,z when K¥ and K7 denote the jth element of first
row and second row of the gain matrix K, respectively. The
previous form can be changed into a realizable form in a way

similar to that done for the pitch control. Define a new vari-
able x; as

1 . . ) .
Xi = I_ T; - K| Sex dt — K;e, — Kjé, — Kge,

in
- Kioe, — Kish, — Kish, (G
where i = x,z. Then, from the definition of £, and £, Eq. (40)
becomes
XV + B + dadi; = Kle. + (Ki—dutke,
+ (K¢ —4wiK ) é, + (Ki—5uiKg)el™
+ (K§—SwiKio)el™ + (Ki,— 4wiKis)hy

+Khh + (K= 503K [5)h ™ + Kl h (™ (42)

where i =x,z. Introduce variables ¢{,, {;, 7., and 7, such that

G+ wbly = b (43a)
i + ddny = Ay (43b)
bradt=v—v (430)
e + daBn, = ¥ — v (@3d)

Then x; can be represented in terms of { and 7 as

Xi=Qi +®i& +Cing + Dy,

+ 88+ File + Gimx + iy, i=Xx,z (44

where

@; = Vs(wbKj— Ki+ w5 K

®; = Va(wfKio— Ki+ w5 2K —wq *KJ)

Ci= — Y5(16w3K{~ 4K]+ wy 2K2)

D; = — (1/12)(64w3Ky— 16K{ + 40y 2K — wi *K])

8= Va(wiK{s~ Ki3 + w5 ’Ki))

F,= — V(K —wi 2K)

Gi= — Y(16w3K]s — 4K}y + wy K1)

3= VA(4Kl,— w5 2K})
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Fig. 5 Time response for the roll-yaw axis.

Combining Eqs. (41) and (44) yields an implementable form
for the control torque 7; as

7= Ki |00 + Ko 00 + Kid
+K; S(w—wc) dt + Ki(y — ) + Ky
+ i{’;hx + i{éhz + Kéfz + Kfoé‘z + I—(lilrlz
+I—<liz";lz +K{3§-x +I_(li4§‘x +I_{1i577x + I—<1i6";lx

where i =x,z and where

. o ) . ) _ . I.K}
K{=1,K{!, K;=I,Kj, K;=I1,K{, 4= i
4wy
Ki=I,K{, Ki=1I,K{,, Ki=I,K}, Ki=I,K
Ki=1,Q;, Kiy=1,®;, Ki=I,C; K|,=I,9;
Kiy=1,8;, Ki,=1,%;, Kis=I1,G:; Kls=I,3%;

The control torque described by Eq. (45) forms a dynamical
feedback control law that consists of a conventional PID
control and cyclic disturbance rejection filters. The integral
feedbacks in Eq. (45) are expected to reject the constant input
disturbance in attitude. Equation (43) represents the cyclic
disturbance rejection filter for the yaw attitude and the roll
CMG momentum. The initial states of the integrators in
Eq. (45) and the cyclic disturbance rejection filter are the de-
signer’s choice.

Table 6 Controller gains and closed-loop
eigenvalues in the roll-yaw channel

i K7 Kz Unit
1 8.0779E-2 6.9890E -2 ft-lb/rad-s
2 9.2311E+2 7.5497E+2 ft-Ib-rad
3 4.1496E + 5 2.1476E+5 ft-1b-s/rad
4 —1.6675E—2 1.2840E-2 ft-lb/rad-s
5 - 1.7214E+2 2.1965E +2 ft-lb/rad
6 1.6537E+5 3.6144E+5 ft-1b-s/rad
7 2.7958E -3 2.1891E-3 ft-1b/ft-1b-s
8 1.2508E-3 1.6052E -3 ft-1b/ft-lb-s
9 —1.0291E-4 —1.3627E—-4 ft-Ib-rad/s?
10 —6.9590E -2 —7.9080E —2 ft-lb-rad/s
11 2.4992E—-4 —3.3459E -4 ft-b-rad/s2
12 5.8883E-2 —2.4604E -2 ft-1b-rad/s
13 —1.1076E- 10 —1.6908E—10  ft-1b/ft-1b-s3
14 3.0504E—7 1.4664E — 7 ft-1b/ft-1b-s2
15 —1.0124E-9 -1.3267E-9 ft-1b/ft-1b-s3
16 —4.6107E-7 —4.3079E-7 ft-1b/ft-1b-s2
Closed-loop eigenvalues in roll-yaw channel
-2.62, —1.75, —1.05+£0.06j
~0.10+0.98/ —0.28 +1.09j
—0.21+0.06/ —0.23 +0.90/
-0.10+1.97j —0.38+2.05j

For the roll-yaw channel controller design, p, v, 7y, 12, Cy,
and C are chosen as

p =0.095,
C- [ A 01o><6j|’
Osxi0

Q,=4.6
- diag(2.4w} 0.13 0.1wg 2.4w] w§ @) we wf Wi wo)

v=0.172, n=n=>5

Ci=03x2

Qz =1.5
g Lws Lot Log L 1 01 )
diag <Ixn D T L L, L T,

and the minimal non-negative definite solution to the corre-
sponding ARE are taken. The controller gain matrix K and the
closed-loop eigenvalues for roll-yaw channel are shown in
Table 6. The largest closed-loop eigenvalues are seen to remain
close to the orbital frequency. The stability margins in some
specific variations are listed in Table 3. For all types of varia-
tions listed in Table 3 except A;, Az, and Ag¢, the designed
controller stabilizes the system far beyond the physical limit,
which means that good performance robustness is achieved for
these directional variations. For A, A3, and Ag4, 62% stability
margin is achieved. A simulation is performed with the param-
eter set considered in Ref. 2

A, =A? =11tlb, A% =A% =05 ftlb

BI=BI=1ftlb, o =0pn =0, =0, =0
#(0) = Y(0) = 1 deg, &(0) = ¥(0) = 0.001 deg/s
¢c = ‘t{’c =0 deg

and the other initial conditions are zero. Figure 5 shows the
time responses for the nominal system and a perturbed system
with 6= 60% of the A, variation denoted by solid line and
dotted line, respectively. With no noticeable performance
degradation, the system appears to have good performance
robustness. The constant disturbance torques are rejected in
roll-yaw attitude channels while the cyclic disturbance torques
are rejected in roll-CMG and yaw-attitude channels. The CMG
momentum in the roll channel approaches a constant value
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while the CMG momentum in the yaw channel oscillates
around a constant value. The biased CMG momentum in
steady state can be changed by changing the command atti-
tudes ¢. and .. The CMG momentum in roll-yaw channel is
unbiased when the command attitudes are set to the TEA.

IV. Conclusions

The game theoretic controller is applied to momentum man- -

agement and attitude control of the Space Station in the pres-
ence of uncertainty in the moments of inertia. The game theo-
retic controller has been developed for an uncertain linear
time-invariant system by representing the uncertain dynamic
system as an internal feedback loop and considering the input
and the fictitious disturbance caused by parameter uncertainty
as two noncooperative players. It was shown that this con-
troller stabilizes the system for the prescribed parameter uncer-
tainty bounds. Inclusion of the external disturbance torque to
the design procedure results in a dynamical feedback con-
troller that consists of conventional PID control and the cyclic
disturbance rejection filter. This shows the state-space formu-
lation for design provides a proper mechanization for handling
the external disturbance. It was shown that the game theoretic
design achieves a stability robustness with respect to inertia
variations without sacrificing performance robustness and
without increasing the system bandwidth.
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